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The grid graph is the graph on [k]n = {0 . . . . .  k - 1} n in which x = (xi) ~ is joined to y = (Yi)~ 
if for some i we have Ixi-Yi] = 1 and xj = yj for all j ~ i. In this paper we give a lower 
bound for the number of edges between a subset of [k] n of given cardinality and its complement. 
The bound we obtain is essentially best possible. In particular, we show that if A C [k]n satisfies 
kn/4 < IAI < 3kn/4 then there are at least k n-1 edges between A and its complement. 

Our result is apparently the first example of an isoperimetric inequality for which the extremal 
sets do not form a nested family. 

We also give a best possible upper bound for the number of edges spanned by a subset of [k]n 
of given cardinality. In particular, for r = 1,.. . ,  k we show that if A C [k]n satisfies IAI < r n then 
the subgraph of [k]n induced by A has average degree at most 2n(1 - l/r). 

0.  I n t r o d u c t i o n  

In this paper  we are interested in edge-isoperimetric inequalities on graphs. 
Given a graph  G and a natural  number  m, at most  how many  edges are spanned 
by a set of  m vertices? Also, at least how many edges are there between a set of m 
vertices and its complement? 

To make these questions precise, let us introduce a small amount  of notat ion.  
Given a graph  G, define the edge-boundary Oe(A) and the edge-interior inte(A) of 
a set A C V(G)  by 

Oe(A) = {xy  E E ( G ) :  z E A, y r A}, 

Inte (A) = {xy  E E(G)  : x , y  �9 A}.  

Then we wish to determine min{lOe(A)l:  IAI = m} and max {lInte (A)I :  IA] = m}. 
If  G is a regular graph  then these two problems happen to  be equivalent. Indeed, 

if G is r-regular  then [Oe(A)l + 21Inte (A)] = riA[ for any A C G. For the discrete 
cube _~n = ~ ( { 1 , . . . ,  n}) (with S joined to T if ISATI = 1), the edge-isoperimetric 
inequality was determined by Harper  [6], Lindsey [9], Bernstein [1] and Hart  [7]. 
In  order to state their result, define an order on .~n, the binary order , by letting 
a set S precede a set T if max(Sz~T) �9 T, in other  words if the greatest element 
of { 1 , . . . ,  n} which is in one of  S and T but  not the other  is actual ly in T. Wi th  
this terminology, Harper,  Lindsey, Bernstein and Hart  proved tha t  initial segments 
of the binary order are subsets of .2 n of minimum edge-boundary  (and so maximum 
edge-interior). See [2, Ch.16] for a general discussion of this and related topics. 

Our  aim in this paper  is to give an answer to these questions for the grid 
[k]n = { 0 , . . . ,  k - 1} n, where as usual x = ( X l , . . . ,  xn) is joined to y = (Y l , . . . ,  Yn) 
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if for some i we have ]xi - Yi[ = 1 and x j  = y j  for all j ~ i. Since [k]n is not regular 
(for k _> 3), the two problems are distinct. We give an inequality for each problem: 
our lower bound on the edge-boundary is best possible for a reasonably large set of 
values of ra for every k and n, while our upper bound on the edge-interior is best 
possible for all values of m. 

We remark that  there is a superficial resemblance between the grid we study 
and the graph on [k] n in which two points are joined if they differ in precisely one 
coordinate. For this graph, the edge-isoperimetric problem was solved by Lindsey 
[9] (see also Clements [4] and Kleitman, Krieger and Rothschild [8]). In spite of the 
apparent similarity, the isoperimetric problems on these two graphs seem to have 
very little in common. 

Our approach to the problem of minimising the edge-boundary is first to prove 
a related best possible inequality for subsets of the continuous cube I n = [0, 1] n, 
and then to use this to deduce a discrete inequality. The continuous problem is 
actually very natural in its own right. One important point to note is that,  for each 
of these inequalities, the extremal sets do not  form a nested family: in fact, these 
are essentially the first examples of isoperimetric inequalities in which the extremal 
sets are not nested. In other words, there is no ordering on [k] n with the property 
that its initial segments, or even a fairly dense family of its initial segments, are 
extremal. Because of this, a little thought shows that  compression operators alone, 
as often used in proving isoperimetric inequalities (see e.g. [2], [3], [5], [10]), cannot 
be enough to prove the inequalities. 

For the problem of maximising the edge-interior, there is again a continuous 
analogue which is interesting in its own right. We give a best possible inequality 
for the continuous problem. From this inequality it is possible to obtain a fairly 
good inequality in the discrete case. However, we give in addition a best possible 
inequality for the discrete problem, based on a direct discrete argument. Somewhat 
surprisingly, it turns out that, although the extremal sets for the discrete problem 
are nested, those for the continuous analogue are not. 

We also consider the discrete torus, that is, the graph on l ~  _,_ ( l / k l ) n  in which 
x = ( x i ) ~  is joined to y = (Yi)~ if for some i we have x i  = Yi • 1 and x .  = y j  for 3 
all j ~ i. As this graph is regular, the two edge-isoperimetric problems coincide. It 
turns out that  we have to do almost no additional work to obtain an essentially best 
possible inequality for 7 ~. 

Our notation is fairly standard. We regard [k] n as a subset of I n ,  and we write 
e l , . . . ,  en for the standard basis of l n .  Thus for example 3el + 2e3 denotes the point 
(3,0, 2, 0 , . . . ,  0). A set A C [k]n is a down-se t  if whenever x ,  y E [k] n with y E A 
and x i < Yi for all i then also x E A. 

We write I for the unit interval [0, 1] C R. The Lebesgue measure of a measurable 
se t  A c I n is written r e ( A ) .  Again, a set  A C I n is a down-se t  if whenever x ,  y E I n 
with y E A and x i  ~ Yi for all i then also x E A. 

For S C {1, . . .  ,n}, we write [k] $ for {x e [k]n: x i  = 0 for i • S}, and I $ for 

{ x  e I n : x~ = 0 for i r S}. The complement of S in {1 , . . . ,  n} is written S. We 

often suppress brackets: thus for example P denotes { x  e I n : x i  = 0}. Given a set 

A C [k] n, for S C {1 , . . . ,  n} and x �9 [k] ~ we define the S-sec t ion  of A at x to be 

as(x) : { y � 9  Ikls: 
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Similarly, the S-section of a set A C I n at a point x E I ~ is 

A S ( x ) = { y E I S :  x + y E A } .  

301 

1. Minimising the edge-boundary 

We shall begin with the problem of minimising the edge-boundary. Our aim is 
to show that,  roughly speaking, the subsets of [k] n of minimal edge-boundary are of 

the form [a] r x [k] n - r  or [k]n - ([a] r x [k]n-r) ,  r = 1 . . . .  ,n. More precisely, note 

that if A is of the form [a] r x [k~ n - r  then [0e(A)[ = [AIl-1/rrk (n/r)-l. We shall 
prove that  if A is a subset of [k] with [A[ < kn/2 then for some r = 1 , . . . , n  we 

have [0e(A)[ > [AIl-1/rrk (n/r)-l.  Since a set and its complement have the same 
edge-boundary, it will follow that if [A[ > kn/2 then for some integer r, 1 < r < n, 
we have [Oe(A)l >_ (k n - IAi)l-1/r rk (n/r)-l.  

Our method is to consider a related problem for subsets of the continuous cube 
In; this problem is in fact natural and interesting in its own right. A brick in Rn is 
a set of the form n 1-Ii=l[ai, bi], where ai < bi for all i. A rectilinear body is a finite 
union of bricks. For a rectilinear body A C I n, we write a(A) for the surface area of 
A in the interior o f / n .  Thus 

n 

where OA denotes the usual (topological) boundary of .4 as a subset of In: in 
I(OA)i(x)l we count the number of boundary points of .4 i n s ide /n  that lie above 
x in the i th direction. 

We wish to consider the continuous analogue of the problem of minimising the 
edge-boundary. Given a rectilinear body .4 C In, at least how large is a(A) in term~ 
of re(A)? This can be viewed as the isoperimetric problem for rectilinear subsets of 
In.  Our aim is to show that,  for a fixed value of re(A), the minimum value of a(A) 
is attained for a set of the form either [0, a] r x / n - r  or I n - ((a, 1] r x I n - r ) ,  where 
l < r < n .  

Let A C In be a rectilinear body, and 1 < i < n. We define Ci(A) C / n ,  the 
i-compression of A, by giving its/-sections: 

Ci(A)i(x) = ,m(Ai(x))] otherwise, x e  

Then Ci(A) is a rectilinear body, and trivially (or by Fubini's theorem) we have 
m(C~(A)) = m(A).  We say that A is i-compressed if C/(A) = A. Thus A is a down- 
set iff it is/-compressed for all i. 

We have the following easy lemma. 

l, emma 1. (i) Let A C I n be a rectilinear body, and let 1 < i < n. Then 
< 
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Oi) Let A C /n be a recti//near bodis Then there is a recti/inear down-set 
A' c I n such that m(A') = re(A) and a(At)  _< a(A). 

A. 

Proof. (i) For the sake of convenience, write B for Ci(A). For x E / '  we have 
I(OB)i(x)l = 0,1 or co. If [(OB)i(x)[ = 0 or 1 then it is easy to see that [(OB)i(z)l < 
l(OA)~(x)l. 

If I(OBL(x)I = ~ then m((OB)~(x))  > O: say m ( ( a B ) ~ ( x ) )  = 6. It follows that  

m(Bi(x)) >_ liminf m(Bi(y)) + ~, 
y--*x 

and so 
, n ( & ( x ) )  >__ ~ m m f m ( & ( ~ ) )  + 6. 

y-.-*z 

Thus m((OA)d(x)) >_ ~, so that  in particular I(0A)~(x)l -- co. 

We have shown that  for any x �9 P we have I(0B)~(x)l < I(0A)i(x)l. By Fubini's 
theorem it follows that 

71(OB)~(x)l ~ <_ 

Now fix j r i. From the above, for x �9 

It follows by Fubini's theorem that  for any 

~ol [(oB)j(y + te,)l d t < - 

.7 I(OA)~,Cx)l dx. 

P we have m((OB)i(z)) < m((OA)i(x)). 

y E P~ we have 

~01 [(OA)j(]/+ tei) [ dr, 

where, as before, ed denotes the vector with/-coordinate 1 and all other coordinates 
O. This implies, again by Fubini's theorem, that  

Thus a(B) <_ a(A). 
(ii) If A is i-compressed then so is Cj(A) for any j. It follows that the set 

A' = C n ( C n - l ( . . . C I ( A ) . . . ) )  is/-compressed for all i, and is therefore a down-set. 
Certainly m(A') = re(A), and fTom part (i) we have a(A')  _< a(A). l 

Call a rectilinear body A C / n  extremal if 

a(A) = inf {a(B) : B C / n  a rectilinear body, with re(B) = re(A)}. 

We now introduce some functions associated with the bodies we wish to show are 
extremal. For 1 < r < n, define functions fr,gr : [0,1] --* R by 

f,(v) = r v l - ' / r ,  gr(~) = r(1 - v) 1 - 1 / ' ,  ~ e [0,11. 

Thus if A = [0, a]r x I n-r then a(A) = fr(m(A)) ,  and if A = / n  _ ((a, 1] r x / n - r )  
then a(A) = gr(m(A)). 

Define Fn : [0, 1] --~ [i by 

f n ( , )  = m i n { f r ( v ) , g , ( v )  : 1 < r < n} ,  ~ �9 [0,1]. 
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Then Fn(v) = Fn(1 - v) for all v. It is easy to check where the minimum is attained: 
if 2 < r < n -  1 then 

Fn(v) = fr(v) for (1 - 1/(r + 1)) r(r+l) < v < (1 - l / r )  r(r-1), 

while 
Fn(v) = fn(V) for 0 < v < (1 - l /n) n(n-1) 

and 

Fn(v) = f l(v)  for 1/4 < v < 3/4. 

We are now ready to prove the isoperimetric inequality for rectilinear bodies in I n. 

Theorem 2. Let A C I n be a rectilinear body. Then cr(A) > Fn(m(A)). 

Proof. We proceed by induction on n. The result is trivial for n = 1, so we pass 
to the induction step. By Lemma 1, we may and shall assume that A is a down- 
set. Furthermore, we may clearly assume that  0 < ra(A) < 1. We shall use some 
elementary geometric properties of Fn to compare cr(A) with Fn(m(A)). 

Fix 1 < i < n, and for the sake of convenience write A(z) for Aff(zz ). Since A is 
a down-set, we have 

ffi l(OA)i(x)l dz = m( A(O) ) - rn(A(1)). 

It follows that 

fo 1 a(A) = m(A(O)) - m(A(1)) + a(A(z)) dz, 

and hence by the induction hypothesis we have 

/01 a(A) > m(A(O)) - m(A(1)) + Fn_l(m(A(z))) dz. 

Now, Fn-1 is a concave function, being the pointwise minimum of a family of 
concave functions. Moreover, as A is a down-set, m(A(O)) > m(A(z)) > re(A(1)) for 
all z E [0, 1]. Thus, taking 0 < A < 1 such that  

re(A) = ,~rn(A(O)) + (1 - ,~)rn(A(1)), 
we have 

a(A) > m(A(O)) - re(A(1)) + )~Fn-1 (m(A(0))) + (1 - ~)Fn-l(rn(A(1))) 

= m ( A ) -  m(A(1))A + ~F,~-x ( r e ( a ( 1 ) ) +  r e ( a ) - ? ( A ( 1 ) ) )  

+ (1 - ~)Fn-l(m(A(1)). 
Define H : [0, 1] ~ R by 

H(x) = m(A) - X + AFn-I (x  + m(A) - x )  + (I - ~ x e [ 0 ,  a]. 

Then H is the sum of three concave functions, so is itself concave. It follows that 

f rain (n(0),  H(m(A))) if m(A) > 
(1) a(m)>_ H(m(A(1 ) ) )>_ /min (H  ( _ m ~ ) , H ( m ( A ) ) )  otherwise. 
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Let us denote by E (n,v) the set E of the form [0, a] r x / n - r  or In - ( (a ,  l l r x I  n - r )  
which satisfies m ( E )  = v, a tE )  = Fn(v): if there are two such sets, we select the one 
with minimal r. For 0 < v < 1, define a rectilinear body C (v) by setting 

1.)• 
c(.,_- ( , . , •  

if v >_ re(A) 

otherwise. 

Then inequality (1) states precisely tha t  

a(A) > inf{a(C(V)) :  0 < v < 1}. 

Since a(C(V)) is a continuous function of v, the compactness of [0, 1] implies tha t  
some C = C (v) is extremal. 

To complete the proof, we now need only show tha t  C is of the form [0, a]r • I n - r  
or I n - (Ca, 1] r x I n - r ) .  Since the (closure of the) complement of an extremal set is 

itself extremal, it is sufficient to consider only the case C = E (n-l,v) x [0, m(A) /v] .  
In other words, we must show tha t  if the set C = E (n-l,v) x [0, a] is extremal, with 
E(n-1,  v) ~ t / n - 1  and 0 < a < 1, then E (n-l,v) = [0, a] r x I n - l - r  for some r. 

From the first part  of the proof, we see tha t  ~'-sections of an extremal set are 
themselves extremal. It follows tha t  all 2-dimensional sections of C are extremal. 
Thus if E (n-l,v) = [0, b] r x I n - l - r ,  some r _> 1, then [0, b] x [0, a] is extremal. How- 

ever, since a,b < 1, it is clear tha t  if b # a then a ([0,a] x [0, b]) > a ''([O,(ab)l/212), 
k / 

contradicting the extremality of [0, a] x [0,b], and so we have b = a as required. 
Finally, if E (n-l,v) = / n - 1  _ ((b, 1] r x / n - l - r ) ,  some r _> 2, then [0, b] • [0, a] 

> 1 is extremal and also b (I  x~0, However, in tha t  case we have b -- a, so tha t  
a ([0, a] x [0, b]) > 1 = a ab]). This contradiction completes the proof. I 

By the definition of the function Fn, the inequality of Theorem 2 is best possible. 
Moreover, for each re(A),  there is an extremal set of the form [0, a] r x I n - r  or 
i n _ ((a, l lr  •  some 1 < r < n. 

We wish to point out how fortunate it was that ,  in the above proof, the sets 
C (v) were down-sets. Indeed, for a down-set A, let us define a new set A p by giving 
its "i-sections: 

A'(z)  = E (n-l 'm(A(z))),  z 6 [0, 1]. 

Then we cannot conclude tha t  a ( X )  <_ a(A) ,  because A' may not be a down-set, as 
the sets E (n-l ,v) ,  v 6 [0, 1] are not nested. 

We can use the continuous isoperimetric inequality of Theorem 2 to obtain 
immediately a discrete edge-isoperimetric inequality. 

Theorem 3. Let A be a subset of [k] n with IAI <_ kn/2.  Then 

la (A)l _> rain : = I .... 
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Proof. Let B = UxeA 1-I~=l[Xi/k, (xi+l)/k]. Then B C / n  is a rectilinear body, with 
re(B) = IAI/k n. Moreover, 10e(A)l = kn-la(B) .  Hence 10e(A)l _> kn-lFn(IAI/kn), 
as required. | 

In particular, we have the following more transparent lower bound on 10e(A)l. 

Corollary 4. Let A C [k] n. Then 

( 41A[/k if ]A I < kn/4 
IO (A)l _ k i k"/4 <_ IAI <_ 3k"/4  

( 4(k n - IAI)/k if ]A I > 3kn/4. | 

We remark in passing that Theorem 2 can be extended to more general subsets 
of I n. Indeed, for any set A C I n, let us define the rectilinear surface area -~(A) of 
A to be 

n 

~(A) = Z f ~. l(OA)i(x)ldx" 
i = 1  J I s  

An easy variant of the proof of Theorem 2 gives the following result. 

Theorem 5. Let A C I n be measurable. Then ~(A) >_ Fn(m(A)). 

Although Theorem 3 solves the isoperimetric problem for rectilinear subsets of 
I n , it would be interesting to know which sets have minimum surface area among all 
subsets o f / n  of given volume. More precisely, for a measurable set A C I n, write 
a(A) for the surface area of A in the interior o f / n  __ defined for example as 

a(A) = lim sup (m(Ae) - m(A))/e. 
e---~O 

Here Ae denotes the e-neighbourhood of A : the set of points of I n which are within 
Euclidean distance e of a point of A. We conjecture that  Euclidean 'cylinders' (or 
their complements) of some dimension are always best. 

Conjecture 6. Let A be a subset of I n with re(A) < 1/2. Then there exist r E 
r 2 a) satis~es {1 . . . .  , n} and a �9 [0, n] such that the set B = {x �9 I n : Y~q=l Xi ~- 

re(B) = re(A) and a(B) < a(A). | 

To conclude this section, let us see how the analogue of Theorem 3 for the discrete 
torus Z~ follows from Theorem 2 with almost no additional work. For a rectilinear 
body A C T n = (R/z )n ,  write re(A) for its volume and a(A) for its surface area. 

Theorem 7. Let A C Tn be rectilinear. Then a(A) > 2Fn(m(A)). 

Proof. We shall identify A with a rectilinear body in In; although this identification 
is trivial, it has to be done with a little care. Let 0 : Tn  ~ [0, 1) n be the bijection 
induced by the natural bijection from T to [0, 1), and let .7i C / n  be the closure of 

8(A) in I n. Thus m (,7i) m(A). 
For a rectilinear B C / n ,  define 

n 

5 ( B ) = a ( B ) +  E B~(~ 0)ABe2 1) " 
i = 1  
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Then a(A) -- t~ (~l). Thus, to complete the proof, we must show that  for any 

rectilinear B C / n  we have ~(B) _> 2Fn(m(B)). 
It is easy to check, just as in Lemma 1, that an/-compression does not increase 

b(B),  in other words that  b(Ci(B))  < b(B)  for any 1 < i < n. So we may assume 
without loss of generality that  B is a down-set. However, in that  case it is clear that  
b(B) = 2a(B).  | 

The inequality of Theorem 7 is best possible. Indeed, for each m(A), there is an 
extremal set of the form [0, a]r x T n - r  or Tn _ ((a, 1It x / n - r ) ,  some 1 < r < n. 

Just as before, the discrete version of Theorem 7 follows immediately. 

Theorem 8. Let A be a subset of Z~ with [AI _< kn/2. Then 

10 (A)I > rain : ,- = 1 , . . .  I 

As we remarked earlier, for the discrete torus the problem of maximising the 
edge-interior is the same as that of minimising the edge-boundary. Thus a solution 
to this problem is contained in Theorem 8. 

For the isoperimetric problem for all subsets of Tn,  not just the rectilinear ones, 
we make the following conjecture, analogous to Conjecture 6. For u = t + l E T = 
R/Z, define lul in the obvious way: lul = rain{It + s l  : s E Z}. 
Conjecture 9. Let A be a subset of Tn with re(A) < 1/2. Then there exist r E 

{1, . . .  ,n} anda E [0,n/4] such that |beset B = x E Tn : ~ '~i=l  [xi[ 2 <- a satisfies 

re(B) = m(A) and a(B) <_ a(A). | 

2. Maximis ing  the  edge-interior - -  the  cont inuous  analogue 

We now turn our attention to the problem of maximi.qing the edge-interior. As 
before, we shall start by considering a related problem for subsets of I n. For a 
rectilinear body A C / n ,  and a fixed k = 2, 3 , . . . ,  define Vk(A), the k-internal volume 
of A, to be 

n 

Vk(A) = E m ({x e A:  x - t e i  E A for all t E [0, l /k]}) .  
i=1 

Thus if A is a down-set then 

Vk(A) = E m ( { x  e A:  xi >_ l / k } ) .  
i=1 

The analogue of the problem of minimising the edge-interior is as follows. Among 
rectilinear bodies i n / n  of given volume, which one has maximum k-internal volume? 
Our aim is to show that,  for a fixed value of re(A), the maximum value of Vk(A ) is 
attained for a set of the form either [0, a] n or I n - (a, 1] n. 

Let us start with the following easy lemma, the analogue of Lemma 1. 
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Lemm• 10. (/) Let A C I n be a rectilinear body, and let 1 < i <_ n. Then 
Vk(Ci(A)) >_ Vk(A). 

(ii) Let A C I n be a rectilinear body. Then there is a rectilinear down-set 
At C I n such that m(A') = m(A) and Vk(A' ) > Vk(A ). 

Proof.  (i) For convenience, write B for Ci(A). It is sufficient to show tha t  for all 
A 

1 < j < n and x �9 I i we have 

m ({y �9 [0,1] : 

_< m ( { y � 9  [0,1] : 

x + yei - tej �9 A for all t �9 [0, 1/k]} ) 

x + ye i - tej �9 B for all t �9 [0, l / k ] } ) .  

Fix then an arb i t rary  1 < j < n and x E I ~. Suppose first tha t  j = i. Then  

{ y � 9  x + y e i - t e j  �9 A for all t �9 [O, 1/k]} 
= { y � 9  y - t � 9  ) foral l t �9  

and a similar relation holds with B in place of A. Now, 

m({y �9 [0, 1]: y - t �9 Ai(x) for all t �9 [0, l /k]})  _< max(m(Ai(x)) - l /k,  0). 

However, since Bi(x ) is an initial segment of [0, 1] we have 

m({y �9 [0, 1]: y - t �9 Bi(x) for all t �9 [0, l /k]})  = max(m(Si(x)) - l / k , 0 ) ,  

as required. 
Suppose now tha t  j r i. Then  

{y �9 [0, 1]: x + yei - tej �9 A for all t �9 [0, l /k ]}  = M A i ( x - t e j ) ,  
tEi0,1/k] 

as required. 
(ii) The  set A' = Cn(Cn-l( . . .CI(A). . . ))  is a down-set with m(A') = re(A). 

From part  (i) we have Vk(X ) > Vk(A ). I 

Call a rectil inear body  A C I n k-extremal if 

Vk(A ) = sup {Vk(B ) : B C / n  a rectil inear body, with re(B) = re(A)}. 

and a similar relation holds with B in place of A. Now, 

m (  N A i ( x -  tej)) < inf m(Ai(x - tej)). 
te[0,1/k] ~e[0,1/k] 

However, since the sets Bi(x - tej), t E [0, 1/k] are nested we have 

m (  N Bi(x - tej))  = te[O,1/k]inf m(B,(x - tej)), 
te[0,1/k] 
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Let us introduce some functions associated with the bodies we wish to show are k- 
extremal. Define f ,  g : [0, 1] --* R by 

nv(1 - 1/kv l/n) if v >_ 1/k n 
f ( v ) =  0 otherwise, 

n(1 - l / k ) (1  - (1 - V) i-1/n) if V _< 1 -- (1 -- 1/k) n 
g(v) = [. n(v 1/k) otherwise. 

The reason for introducing these functions is tha t  if A = [0, a] n then Vk(A ) = 
f (m(A) ), and if A = I n - (a, 1] n then Vk(A ) = g(m(A) ). 

Pu t  Gn = max( f , g ) .  Thus  Gn(v) = g(v) if v < 1/k n, and Gn(v) = f(v) if 
v > l - ( 1 - 1 / k )  n. 

We are now ready to show tha t  the bodies mentioned earlier are indeed k- 
extremal.  

Theorem 11. Let A C I n be a rectilinear body. Then Vk(A ) >_ Gn(m(A)). 

Proof.  We proceed by induct ion on n. As the result is trivial for n = 1, we pass to  
the induct ion step. We may  clearly assume tha t  0 < re(A) < 1, and by Lemma 10 
we may  assume tha t  A is a down-set. We shall proceed in a manner  similar to tha t  
in the proof  of Theorem 3. 

Fix 1 < i < n, and for the sake of convenience write A(z) for A~(z). Then,  by 
the induct ion hypothesis, we have 

1 1 1 1 

1/~ 0 1/k 0 

Now, Gn-1 is a convex function, being the pointwise max imum of two convex 
functions. Also, as A is a down-set,  ~e  have re(A(0)) _> m(A(z)) > m(A(1/k)) if 
0 < z < l /k ,  and m(A(1/k)) >_ m(A(z)) if z > 1/k. Thus,  taking 0 < A < 1/k such 
tha t  

llk 
Am(A(0)) + ( ( l / k )  - A)m(A(1/k)) = m(A(z)) dz 

do 
and 1/k </~  < 1 such tha t  

jr11 m(A(z))dz,  (]z- 1/k)m(A(1/k)) = /k 

we have 
Vk(A) >_ (# - 1/k)m(A(1/k)) + AGn-I(m(A(O))) + (# - A)Gn-l(m(A(1/k))) 

= ( # -  1/k)m(A(1/k))+ AGn-1 (m(A(1 /k ) )+ r e (A ) -  ~m(A(1/k)) )  

+ ( # -  A)Gn_l(m(A(1/k))). 
Define H : [0, 1] --* R by 

H(x) = ( b - 1 / k ) x  + AGn-i ( x  + m(A) - # x )  + ( p -  , x e [ 0 , 1 ] .  
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Then H is convex, being the sum of three convex functions. It follows that 

{ max (H(O), H ( m + ~ ) )  i fm(A) < ~ 
(2) Vk(A ) <_ H ( m ( A ( l l k ) ) ) < _  m a x ( H ( ~ ) , H ( ~ + A u )  ) 

otherwise. 

Let us denote by E (n,v) the set E of the form [0, a] n, a >_ 1/k  or I n - (a, 1] n, 
a <_ 1/k  which satisfies re(E) = v, Vk(E ) -- Gn(v),  selecting the one of the form 
[0, a] n if there are two such sets. For m ( A )  < v < 1, define a rectilinear body C (v) 
by setting 

C (v) = E (n-l 'v) x [0, m(A)/v],-  

and, for 0 < h < rain(l/k,  m(A))  and ~ < v < ~ define a rectilinear ( 1 / k ) - h '  
body D (v'h) by setting 

Then inequality (2) states precisely that Vk(A ) is at most the supremum of the union 
of the sets 

: m(A)_<v_< 1} 

and 
re(A) - h } Vk(D(V'h)) : 0 < h < m i n ( 1 / k , m ( A ) ) ,  re(A) - h < v < 

1 - h  - - ( l /k )  h " 

It follows by a simple compactness argument that  some set B of the form C (v) or 
D(v,h) is k-extremal. 

Let us fix a k-extremal set B of the form C (v) or D (v,h). To complete the proof, 
we need only show that  B is of the form [0, a] n or I n - (a, 1] a. From the first part 
of the proof, we see that  "~-seetions of a k-extremal set are themselves k-extremal. It 
follows that all 2-dimensional sections of B are k-extremal. 

We distinguish two cases, according to the form of B. Suppose first that B = 

C (v) for some v. If B is of the form ( I  n-1 - (a, 1] n - l )  x [0, b] then I • [0, b] and 

[0, a] x [0, b] are k-extremal. However, it is easily checked that  a set of the form 
[0, C] • [0, d] c anno t  be k-extremal if c # d, and so we obtain a = b = 1, contradicting 
m(A)  < 1. Thus B is of the form [0, a] n-1 • [0, b]. However, in that  case [0, a] x [0, b] 
is k-extremal, whence a = b as required. 

Suppose now that  B = D  (v,h) for some v and h. I f B  is of the form ( I n - l •  [0, b])LJ 
/ 

([0,a] n-1 • (b,c]) then either a < 1 and I • [0, b] is k-extremal, or a = 1 and 
% 

I • [0, c] is k-extremal: each of these contradicts re(A) < 1. Thus B is of the form 

(In-1 x [0, b])U ( (1  n-1 - ( a ,  1 ]n -1 )x  (b,c]). But then , x [0, c] is k-extremal, so 

that  c = 1. Also, 12 - ([0, b] x [0, a]) is k-extremal, and so a = b, as required. I 

By the definition of Gn, the inequality of Theorem 11 is best possible. Indeed, 
for each re(A), there is an extremal set of the form [0, a] n or I n - (a, 1] n. 
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We wish to point out that,  just as in the proof of Theorem 2, it was very fortunate 
that the sets C (v) and D(v,h) were down-sets. 

We remark that Theorem 11 can be extended to more general subsets of I n. 
Indeed, the following result can be proved in essentially the same way as Theorem 11. 

Theorem 12. Let A C I n be measurable. Then Vk(A ) >_ Gn(m(A)) .  | 

As with Theorem 2, the discrete form of Theorem 11 follows immediately. 

Theorem 13. Let A be a subset of  [k] n. Then 

linte (A)i _< m a x  (,,IAI ( I -  IAl-iin), ,,k"(1- ,/k)(1- (1- Ikl/k")'-'/")). 
Proof. Let B = LJx~A I-I~=1 [xUk, (x~+l)lk}. Then B C I n is a rectilinear body, with 
re(B) = IAIIk n. Moreover, lint< (k)l = knVk(B). Hence lint< (A)I < knGn(Ikllkn), 
as required. | 

Note in particular that if I AI >_ k n ( 1 - ( 1 - 1 / k )  n) in Theorem 13 then I Inte (A) I_< 

nlAl (1-1Al-l ln) .  
Unfortunately, although the continuous inequality of Theorem 11 is best possible, 

the discrete inequality of Theorem 13 is not close to best possible for every value of 
IAI. The reason for this is that  the extremal sets for the continuous problem which 
are not of the form [0, a] n are all of the form I n - (b, 1] n, where b < l l k .  They 
therefore do not correspond to any discrete sets, as they cannot be approximated by 
unions of bricks of the form ri~=l[Xi/k, (xi + 1)/k]. Indeed, for this reason we cannot 
even conclude from Theorem 11 that the extremai sets for the discrete problem of 
maxim|sing the edge-interior are not nested. This is in contrast to the situation with 
the extremal sets for the continuous analogue of the problem of minim|sing the edge- 
boundary, as given by Theorem 2. 

In fact, in the next section we shall use different methods to prove an exact 
discrete inequality. The extremal sets for that inequality will turn out to be nested. 

3. Maximising the edge-interior 

Our aim in this section is to give a best possible solution to the problem of 
maxim|sing the edge-interior in the grid, thereby improving upon Theorem 13. Our 
method will be purely discrete. 

Define an order on [k] n, the cube order,  by letting x = (xi) ~ precede y = (Yi)~ 
if for some s E [k] we have (i : x i = s} < (i : Yi = s)  in the binary order on .~n, 
with (i : x i = t} = (i : Yi = t} for all t > s. Equivalently, x precedes y if and only 
if w(x)  < w(y),  where w(x)  = ~=.=1 2i+nx~ . Thus for example for each s _< k the set 
Is] n = ( x  �9 [kin: x i < s for all i} is an initial segment of the cube order on [k]n. 

Our aim in this section is to show that  initial segments of the cube order on [k]n 
have maximum edge-interior among subsets of [k]n of given cardinality. Our main 
tool will be the notion of an i-symmetrisation, which we now describe. 

For S C ( 1 , . . . ,  n}, the cube order on [k] 8 is just the restriction to [k] 8 of the 
cube order on [k] n. It is easy to see that  if A is an initial segment of the cube order 

on [k] u then each ~'-section of A is an initial segment of the cube order on [k] 7. 
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For any set A C [k] n, and 1 < i < n, we define a set Si (A)  C [k] n, the i- 
symmetr isa t ion  of A, by giving its/-sections: 

Si (A~ ' (x )  = C(i)(IAT(x)[ ), x E [k], 

where C (i) (m)  denotes the set of the first m elements in the cube order on [k] ~'. In 
other words, Si replaces each i'-section of A by an initial segment of the cube order 

on [k] ~ of the same size. We say that A is i - symmetr ised if Si (A)  = A. Thus for 
example every initial segment of the cube order on [k] n is i-symmetrised for all i. 

What  can we say about a set A C [k]n which is i-symmetrised for all i? Such a 
set is certainly a down-set (for n _> 2), and if n = 2 then that is all we can say. For 
n >_ 3, however, being i-symmetrised for every i is a very restrictive condition. One 
might even expect that,  for n _> 3, every set A C [k] n which is i-symmetrised for all 
i is an initial segment of the cube order. Unfortunately, a moment's thought shows 
that this is not the case - -  a simple counter-example is {x E [k]3: ~ x i < 1}. 

However, we do have the following simple lemma, which shows that,  For n _> 3, 
a subset of [k] n which is i-symmetrised for all i is not too far from being an initial 
segment of the cube order on [k]n; in fact, it differs from an initial segment along 
at most two lines. To make the lemma more palatable, note that if A C [k] n is 
i-symmetrised for every i, and for some r and s we have 

{x E [ s+  1]n: x i < s -  1 for/_> r} C A C {x E [ s+  1]n: xi _< s - 1 for/_> r +  1}, 

then A is an initial segment of the cube order on [k]n. 

Lemma 14. Let  n > 3, and let A be a non -emp ty  subset  of[k] n which is i - symmetr i sed  
for all i. Le t  s be the minima/integer such that  A C [8 + 1] n, and set 

r = m a x { l < i < n :  x i = s ,  s o m e x E A } .  

(i) I f  r = 1 then 

- ( { ( z , s - 1 ,  s - 1 , . . . , s - 1 ) :  z_~O} A D 

U { ( s - l , z , s - l , s - 1 , . . . , s - 1 ) :  z_~ 1}). 

(ii) I f  i < r < n then 

A xi<_8-1 ori>r} 
- { ( s , s , . . . , s , s -  1, z , s -  1, s -  1 , . . . , s -  1) : z > 1}, 

where in the last expression the z is in posit ion r + 1. 
(iii) I f  r = n then 

A 2 { x E [ s + l ]  n :  Xrt< 

- ( { ( 8 , s , . . . , s , z )  : 

s - l }  

z_>lt). 
Proof. (i) Let y = ~'~n=l(S - 1)ei. We have 8el E A, and so the fact that  A is 2- 
symmetrised gives y - (s - 1)e2 E A. Thus, as A is a down-set, it is sufficient to 
show that  y - e i E A for all i > 3 and that y - e I - e 2 E A. 
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Since y - (s - 1)e 2 E A, and A is 3-symmetrised, we have y - e 1 - e 2 E A. Also, 
for each i >_ 3, the fact that  A is 1-symmetrised gives y - ei E A. 

n 1 (ii) Let y = ~__-11 se i + ~[~i=r(s - )e i. Since set �9 A, and A is n-symmetrised, 
we have y - (s - 1)en �9 A. For each i < r, the fact that A is r-symmetrised yields 
y - ei �9 A. So it remains to show that  y - (s - 1)er+l E A and that y - ei E A for 
a l l i  > r, i # r + l .  

As A is (r + 1)-symmetrised, set �9 A implies y - (s - 1)er+l �9 A. Since A is r- 
symmetrised, it follows that  y - e  i �9 A for each i _> r+2 .  Also, as A is 1-symmetrised, 
we have y - er �9 A. 

n - 1  (iii) Let y = ~ i = l  sei + (s - 1)en. Since sen �9 A and A is 1-symmetrised, we 
have y - se 1 E A. So it remains to show that  y - ei E A for all 2 < i < n - 1. 
However, this follows from y - se 1 E A and the fact that  A is n-symmetrised. I 

Armed with Lemma 14, we are now ready to give a best possible upper bound 
for the size of the edge-interior of a subset of [k] ~ of given cardinality. 

Theorem 15. Let A C [k] n, and let J be the set of the tlrst ]A] dements in the cube 
order on [k] '~. Then ]Inte (A)[ < ]Inte (J)l. 

Proof. We proceed by induction on n. The result is trivial for n = 1, but we shall 
start by proving the result for n = 2. 

For A C [k] 2, put Pl = ]{Xl: x E A}I and P2 = I{x2 : x E A}]. Then the 
number of edges in direction ei spanned by A is at most ]A[-P i ,  and so IInte (A)I <__ 
2 ] A ] -  (Pl + P2). Now, ]A] _< PlP2, and so for any r = 0 , . . . ,  k - 1 it follows by 
the arithmetic-geometric mean inequality that  ]A] > r 2 implies Pl + P2 > 2r, while 
IAI > r(r + 1) implies pl +p2  > 2r + 1. Hence IInte (A)I < IInte (J)I, as required. 

We now turn our attention to the induction step. We first wish to show that for 
any A C [k] • and 1 < i < n we have ]Inte (Si(A))I >_ IInte (A)]: in other words, that  
an i-symmetrisation does not decrease the edge-interior. 

For convenience, write B for Si(A). Let us write A(z)  for AT(z ) and B(z)  for 

BT(z ). We have 

and 

k-1 k-2 

IInte (A)I = E IInte (A(z))I + ~ IA(z) n A(z  + 1)I 
z=O z=O 
k-1 k-2 

IInte (S)l = E IInte (B(z))I + ~ IB(z) f3 S ( z  + 1)1. 
z=O z=O 

Now, by the induction hypothesis we have IInte (B(z))  I > IInte (A(z))l for all z. 
Moreover, for each z the sets B(z)  and B ( z + l )  are nested, and so ]B(z) n B ( z  + 1)] > 
]A(z) M A(z  + 1)]. It follows that IInte (B)] >_ IInte (A)], as required. 

Given A C [k] n, let G = {S  C [k]n: IBI = ]AI and IInte (S)I _> Ilnte (A)I }. To 
complete the induction step, we need to show that  G contains an initial segment of 
the cube order on [k] n. Choose B e G with W ( B )  = ~'~zEB 2-w(z) maximal. We 
claim that  this B is an initial segment of the cube order on [k] n. 

For any 1 < i < u, we have ]Si(B)I = IB], and IInte (Si(S))] > IInte (B)]. Hence 
Si(B)  �9 G. Moreover, W ( S i ( B ) )  > W ( B ) ,  with equality if and only if S/(B) = B. It 
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follows by the definition of B that B is i-symmetrised for all i. Let s be the minimal 
integer such that B C [s + 1] n, and set 

r = m a x { l < i < n :  x i = s ,  s o m e x E B } .  

We distinguish three cases, according to the value of r. 
(i) Suppose first that  r = 1. To show that B is an initial segment of the cube 

order on [k] n, it is sufficient to show that [s]n C B. By Lemma 14, we know that B 
contains 

[ s l n - ( { ( z , s - l , s - 1 , . . . , s - 1 )  : z ~ _ o } U { ( s - l , z , s - l , s - 1 , . . . , s - 1 )  : z~_ 1}). 

Let y = ~ i>3(s  - 1)ei. We claim first that y +  ( s -  1)el + (s - 2)e2 E B. Indeed, 
if this is not the case then put 

a -- max{z  E [k]: y-t- ( s -  1)el + ze2 E B},  

so that 0_< a_< s - 3 .  Among t h o s e x  E B with Xl = s, choose one with ~ x i  
maximal, and set 

S '  = B U {y + ( s -  1)el + ( a +  1)e2} - {x}. 

Then ]B' I = ]HI, and by the choices of a and x we have ]Inte (B')] _> IInte (B)]. 
However, since W ( B  I) > W(B) ,  this contradicts the definition of B. Thus y 4- 
( s -  1)el + ( s -  2)e2 E B. 

We now claim that y + (s - 1)el + (s - 1)e2 E B. Indeed, suppose not. If 
y + ( s -  1)e2 E B then, exactly as above, we would obtain a set B t E G with 
W ( B  ~) > W ( B ) , a n d s o y + ( s - 1 ) e 2  •B .  Among t h o s e x  E B w i t h x l  = s  and 
Xn = O, choose one with ~ xi maximal, and put 

p - - l { z � 9  x + z e n � 9  , 

so that l ~ p _ < s .  Set 

B t = B U { y + ( s - 1 ) e  2 + z e l :  O ~ _ z < p } - { x + z e n :  z � 9  [k]}. 

Then ]B'] = ]B h and it is easy to see that ]Inte (B')] _> IInte (B)]. But W(B' )  > 
W(B) ,  contradicting the definition of B. 

Hence ( s -  1, s -  1 , . . . , s -  1) �9 B, and so [s]n C B. 
(ii) Suppose now that 1 < r < n. To show that B is an initial segment of the 

cube order, it suffices to show that {x �9 Is + 1] n : xi _< s - 1 for i _> r} C B. We 
shall proceed in a manner similar to case (i) above. By Lemma 14 we know that B 
contains 

{ x � 9  x i _ ~ s - 1  f o r i > r } - { y + z e i :  z>_l} ,  
where y = ~'~i<r sei + (s -- 1)er + ~ ' ~ i ~ r + 2 ( s  - 1)ei. 

We claim that y + (s - 1)er+l �9 B. Indeed, if this not the case then put 

a = m a x  { z  �9 [k]:  U + z e r + l  �9 B } ,  

so that 0 < a < s - 1 .  Among t h o s e x  �9 B with xr = s, choose one with ~ x i  
maximal, and set 

B'  = B U {y + (a + 1)er+l} - {x}. 
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Then  {B'{ = }B}, and [Inte (B')[ _> [Inte (B)], so tha t  B '  e G. But  W ( B ' )  > W ( B ) ,  
contradict ing the definition of B. 

(iii) Suppose finally tha t  r = n. To show tha t  B is an initial segment  of the cube 
order, it is sufficient to show tha t  {x E [s + 1] n : Xn <_ s - 1} C B. By L e m m a  14, 
we know tha t  B contains 

{x �9 [ s + l ] n :  Xn < S - 1 } - ( { ( s , s , . . . , s , z )  : z > O } U { ( z , s , s , . . . , s , s - 1 )  : z>_ l } ) .  

Exact ly  as in case (i) above, it follows first t ha t  (s - 1, s, s , . . . ,  s, s, s - 1) �9 B and 
then  tha t  (s, s , . . . ,  s, s - i )  �9 B. Hence {x �9 [s + 1]n: Xn < s - 1} C B,  as required. 

This  completes  the induct ion step, and so completes  the proof  of Theorem 15. | 

In part icular ,  we have the  following corollary. 

Corol lary 16. Let  A C [k] n satisfy [A[ _< s n, some s = 1 , . . . ,  n. Then the subgraph 
of  [k] n induced by A has average degree a t  most  2n(1 - i / s ) .  | 

Corollary 16 immedia te ly  implies the corresponding result  abou t  induced subsets  
of the infinite g raph  Z n: a subgraph  of l n wi th  at  most  s n vertices has average degree 
at  most  2n(1 - 1/s) .  The  sets [s] n show tha t  this bound  is a t ta ined  for every s. 
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